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Abstract
An important geometric invariant of links in lens spaces is the lift
in S3 of a link L ⊂ L(p, q), that is the counterimage L˜ of L under
the universal covering of L(p, q). If lens spaces are defined as a lens
with suitable boundary identifications, then a link in L(p, q) can be
represented by a disk diagram, that is to say, a regular projection of
the link on a disk. Starting from a disk diagram of L, we obtain a
diagram of the lift L˜ in S3. With this construction we are able to find
different knots and links in L(p, q) having equivalent lifts, that is to
say, we cannot distinguish different links in lens spaces only from their
lift.
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ondary 57M10.
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1 Introduction
The study of knots and links in the 3-sphere is a widespread branch
of mathematics. What happens for knots and links in other 3-manifolds?
Dehn surgery and mixed link diagrams are useful to represent any link L
in a 3-manifold M , however there is not a good skein theory. Different
representations become really useful if we restrict to a particular class of
closed 3-manifolds, the lens spaces L(p, q): several interesting results are
shown in [BG, BGH, Co, CM]. Other results for RP3 ∼= L(2, 1) [D, HL,
Gr1, Gr2] and then for the general case [CMM] are due to the particular
representation on which we will focus. Namely, if we consider the lens space
L(p, q) as the quotient of the unit ball B3 where each boundary point is
identified with the one in the opposite hemisphere after a planar reflection
and a counterclockwise rotation of 2piq/p radians around the polar axis, then
we can project any link on the equatorial disk of B3, obtaining a regular
diagram for it, named disk diagram.
In [BG], Baker and Grigsby consider a geometric invariant that could be
really useful: given a link L in L(p, q), and assigned the cyclic covering map
P : S3 → L(p, q), the lift L˜ of L is the counterimage P−1(L) ⊂ S3. They
produce a grid diagram for the lift but this representation cannot give much
information about the properties of the invariant. For this reason we develop
a geometric representation that, with the help of a link braid form, allows
us to answer the following fundamental question: “Is the lift a complete
invariant?”
The lift in S3 of a link in L(p, q) is exactly a (p, q)-lens link of Chbili
[Ch2], and hence a freely periodic link in the 3-sphere [H]. Our question can
be re-phrased: “Are there links in S3 that are freely periodic with respect to
two different (p, q)-periodic transformations?”
For unoriented links up to ambient isotopy, the answer is negative: the lift
is not a complete invariant. We construct several counterexamples, consisting
of:
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a) two non-equivalent knots in L(p, p±1
2
), p > 3 and odd, with different
homology class that are lifted both to the unknot;
b) a knot and a 2-component link in L(4, 1) that are lifted to the Hopf link;
c) an infinite family of cablings of b) that still have equivalent lift; the pairs of
links may have a different number of components; in some cases they
have the same number of components and the same homology class,
we then find an example in which the pair has different Alexander
polynomials.
Another important advantage of a diagram for the lift is a method to
compute the fundamental quandle of links in lens spaces. The fundamental
quandle of a link in a 3-manifold is a geometric invariant that can be explicitly
computed on a diagram only for links in S3 [J, M] and in RP3 [Gr2]. Since
the fundamental quandle of L ⊂ L(p, q) is isomorphic to the fundamental
quandle of its lift L˜ [M, FR], we are able to compute it on the lift diagram.
For the same reason, we know that the fundamental quandle cannot classify
knots/links in lens spaces.
The paper is organized as follows. In Section 2 we explain how to get a
classical diagram in S3 of the lift starting from the diagram of L ⊂ L(p, q)
defined in [CMM], and we show the connection with (p, q)-lens links. In
Section 3 we show some interesting examples for split links, composite knots,
cable links, then we develop a braid form that describes a subclass of links
in lens spaces. In Section 4, exploiting this link braid form, we are able to
find the examples a), b) and c), consisting of different links with equivalent
lift, that is to say, the lift is not a complete invariant. At last, the case of
oriented and diffeomorphic links is taken into account.
2 Lift of links in lens spaces
The results stated in this paper hold both in the Diff category and in the
PL category, as well as in the Top category if we consider only tame links.
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In this section we recall the notion of disk diagram for a link in a lens space
developed in [Gn] and [CMM], then we show how to get a planar diagram
for the lift in S3 of links in lens space.
2.1 Two models for lens spaces
Let p and q be two coprime integers such that 0 6 q < p. The unit
ball is the set B3 = {(x1, x2, x3) ∈ R3 | x21 + x22 + x23 6 1} and E+ and
E− are respectively the upper and the lower closed hemisphere of ∂B3. The
equatorial disk B20 is defined by the intersection of the plane x3 = 0 with B3.
Label with N and S respectively the "north pole" (0, 0, 1) and the "south
pole" (0, 0,−1) of B3. Let gp,q : E+ → E+ be the counterclockwise rotation
of 2piq/p radians around the x3-axis, as in Figure 1, and let f3 : E+ → E− be
the reflection with respect to the plane x3 = 0.
B0
2
E+
E
2πq/p
x
x2
x3
x1
gp,q
f3◦gp,q (x)
B 3⊂R 3
Figure 1: Representation of L(p, q).
The lens space L(p, q) is the quotient of B3 by the equivalence relation
on ∂B3 which identifies x ∈ E+ with f3 ◦ gp,q(x) ∈ E−. The quotient
map is denoted by F : B3 → L(p, q) = B3/ ∼. Note that on the equator
∂B20 = E+ ∩ E− each equivalence class contains p points, instead of the two
points contained in equivalence classes outside the equator. The first ex-
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ample is L(1, 0) ∼= S3 and the second example is L(2, 1) ∼= RP3, where the
construction gives the usual model of the projective space: opposite points
on ∂B3 are identified.
Another classical model for the lens space is the following: consider S3
as the join of two copies of S1 (in a Hopf link configuration), put on it the
action corresponding to the rotation of 2pi/p radians of the first circle and
of 2piq/p radians of the second one, according to Figure 2. Denote with Gp,q
the cyclic group generated by this action. Clearly Gp,q is isomorphic to Zp
and it acts without any fixed point, in a properly discontinuous way on S3.
Therefore the quotient space of S3 is a 3-manifold that indeed results to be
the lens space L(p, q). Denote with P : S3 → L(p, q) the quotient map.
2πq/p
2π/p 4π/5
4
3
21
5
4
3 2 1
5
4
32
1
5
4
3 2
15
R
R
Figure 2: Lens space L(5, 2) from the solid torus model of S3.
The proof of the equivalence of these two constructions can be found
in [Wa], and since it is relevant for our purpose, we can recall it briefly
here. The construction of S3 as the join of two circles is the following:
S3 = S1 × S1 × [0, 1]/ ∼J , where ∼J is the equivalence relation defined by
(a1, b, 0) ∼J (a2, b, 0) for all a1, a2 ∈ S1, b ∈ S1 and (a, b1, 1) ∼J (a, b2, 1) for
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all a ∈ S1, b1, b2 ∈ S1. It is essential to visualize the two circles in a Hopf
configuration. Let D2 = {z ∈ C | ||z|| ≤ 1} be the unitary disk. This model
of S3 is equivalent to the following: considering the solid torus S1 ×D2, for
each Q ∈ S1 = ∂D2, each parallel S1×{Q} of the torus S1×∂D2 collapses to
the point Q. Under this equivalence, the first circle of the join can be thought
of as S1 × {0} while the second circle can be thought of as {P} × ∂D2/ ∼J ,
with P ∈ S1.
The effect of the action of Gp,q on this model of S3 is the following: the
circle l = S1 × {0} of the solid torus is rotated by 2pi/p radians, thus we
identify p equidistant copies of a meridian disk. The second S1, visualized as
a meridian m = {P} × ∂D2 of the torus, is rotated by 2piq/p radians, thus
each of the p copies of the meridian disk is identified with a rotation of 2piq/p
radians.
As Figure 2 shows, a fundamental domain under this action is a cylinder
R = [0, 1] ×D2 with identification on the boundary, precisely each segment
[0, 1] × {Q} (with Q ∈ ∂D2) of the lateral surface collapses to the point
{1/2}, and the top and the bottom disks are identified with each other after
a rotation of 2piq/p radians; in this way we can recognize the first model of
the lens space.
2.2 The construction of the disk diagram
In this paper all links in the lens space L(p, q) are considered up to am-
bient isotopy and up to link’s orientation. Since we are not interested in the
case of S3, we assume p > 1. The definition of the disk diagram developed
in [CMM] is the following.
Let L be a link in L(p, q) and consider L′ = F−1(L). By moving L via a
small isotopy in L(p, q), we can suppose that:
i) L′ does not meet the poles N and S of B3;
ii) L′ ∩ ∂B3 consists of a finite set of points;
iii) L′ is not tangent to ∂B3;
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iv) L′ ∩ ∂B20 = ∅.
As a consequence, L′ is the disjoint union of closed curves in intB3 and
arcs properly embedded in B3. Let p : B3 r {N,S} → B20 be the projection
defined by p(x) = c(x)∩B20 , where c(x) is the circle (possibly a line) through
N , x and S. Take L′ and project it using p|L′ : L′ → B20 . As in the classical
link projection, taken a point P ∈ p(L′), its counterimage p−1(P ) in L′ may
contain more than one element; in this case we say that P is either a double
or multiple point.
We can assume, by moving L via a small isotopy, that the projection
p|L′ : L′ → B20 of L is regular, namely:
1) the projection of L′ contains no cusps;
2) all auto-intersections of p(L′) are transversal;
3) the set of multiple points is finite, and all of them are actually double
points;
4) no double point is on ∂B20 .
Finally, double points are resolved by underpasses and overpasses as in
the diagram for links in S3. A disk diagram of a link L in L(p, q) is a regular
projection of L′ = F−1(L) on the equatorial disk B20 , with specified overpasses
and underpasses.
In order to have a more comprehensible diagram, we index the boundary
points of the projection as follows: first, we assume that the equator ∂B20
is oriented counterclockwise if we look at it from N , then, according to this
orientation, we label with +1, . . . ,+t the endpoints of the projection of the
link coming from the upper hemisphere, and with −1, . . . ,−t the endpoints
coming from the lower hemisphere, respecting the rule +i ∼ −i. An example
is shown in Figure 3.
In [CMM] it is shown that two disk diagrams of links in lens space rep-
resent equivalent links if and only if they are connected by a finite sequence
of the seven Reidemeister type moves illustrated in Figure 4.
A disk diagram is defined standard if the labels on its boundary points,
read according to the orientation on ∂B20 , are (+1, . . . ,+t,−1, . . . ,−t).
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+1
−1
+2
−2+3 −3 +4
−4
N
x
p(x)
S
Figure 3: A link in L(9, 1) and its corresponding disk diagram.
R3
R2
R1
R4
R5
R6
R7
+1
−1
+2
−2
+1
−1
+2
−2
−2
−1
+1
+2
−1
+2
−2
+1
−1
+2
+1
−2
−1
+1
+j
−i
Figure 4: Generalized Reidemeister moves.
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Proposition 1. Every disk diagram can be reduced to a standard disk dia-
gram with some small isotopies: if p = 2, the signs of its boundary points
can be exchanged; if p > 2, a finite sequence of R6 moves can be applied in
order to bring all the plus-type boundary points aside.
Proof. For p = 2, the exchange of the signs of a boundary point corresponds
to a small isotopy on the link, that crosses the equator of B3. For p > 2,
the following strategy has to be considered. By definition, the endpoints
+1, . . . ,+t on the boundary are always in this order if we forget the minus-
type points. The endpoints +i and −i can be moved together along the
boundary, with their respective arcs. Moreover we can assume that this
small isotopy is performed close enough to the boundary as to avoid crossings.
Our aim is to bring all the plus-type boundary points one aside the other,
respecting their labeling order. The isotopy performed can exchange +i
and −j producing an R6 move. Sometimes also the −i endpoint may be
exchanged with a +k endpoint, producing an opposite R6 move, that is to
say, a move that creates one crossing. Consider the following algorithm: fix
+1 and −1, bring +2 next to +1 (and hence −2 next to −1), bring +3 next
to +2 (−3 next ot −2) and so on. If we apply it, then an opposite R6 move
is always canceled by a subsequent R6 move, that is to say, to get a standard
disk diagram is enough to perform a sequence of R6 moves. See Figure 5 for
an example.
R6
−2
+1
+2
−1
+3
−3
R6
−2
+1
+2
−1
+3
−3
−2
+1
+2
−1
+3
−3
Figure 5: Example of R6-reduction to standard disk diagram.
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2.3 Lift of links
Let L be a link in the lens space L(p, q); we denote by L˜ = P−1(L) the
lift of L in S3 under the quotient map P : S3 → L(p, q).
Let L be a link in L(p, q), denote with ν its number of components, and
with δ1, . . . , δν the homology class in H1(L(p, q)) ∼= Zp of the i-th component
Li of L. In [CMM] it is described a method that allows the computation of
the homology classes from the disk diagram.
Proposition 2. Given a link L ⊂ L(p, q), the number of components of L˜ is
ν∑
i=1
gcd(δi, p).
Proof. The covering S3 → L(p, q) is cyclic of order p, so that each component
Li of L has lift L˜i with gcd(δi, p) components. As a consequence, if we sum
over all the components of L, the lift L˜ has
∑ν
i=1 gcd(δi, p) components.
The construction of a diagram for L˜ ⊂ S3 starting from a disk diagram
of L ⊂ L(p, q) is explained by the following two theorems. The case of
L(2, 1) ∼= RP3 is outlined in [D]. Before stating the theorems, we must not
forget the following notation about braids. Let Bt be the braid group on t let-
ters and let σ1, . . . , σt−1 be the Artin generators of Bt. Consider the Garside
braid ∆t on t strands defined by (σt−1σt−2 · · · σ1)(σt−1σt−2 · · ·σ2) · · · (σt−1)
and illustrated in Figure 6. This braid can be seen also as a positive half-
twist of all the strands and it belongs to the center of the braid group, that
is to say, it commutes with every braid. Moreover ∆−1t can be represented in
the braid group by the word (σ−1t−1σ
−1
t−2 · · ·σ−11 )(σ−1t−1σ−1t−2 · · ·σ−12 ) · · · (σ−1t−1).
Δ
t
+1
+2
+(t -1)
+t −1
−(t -1)
−t
−2
−3
+3
Figure 6: The braid ∆t.
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Theorem 3. Let L be a link in the lens space L(p, q) and let D be a standard
disk diagram for L; then a diagram for the lift L˜ ⊂ S3 can be found as follows
(refer to Figure 7):
• consider p copies D1, . . . , Dp of the standard disk diagram D;
• for each i = 1, . . . , p−1, using the braid ∆−1t , connect the diagram Di+1
with the diagram Di, joining the boundary point −j of Di+1 with the
boundary point +j of Di;
• connect D1 with Dp via the braid ∆2q−1t , where the boundary points are
connected as in the previous case.
D1
D 2
D
3
D
p
D
p -1
Δ
t
-1
Δ t
-1
Δt
-1
Δ
t 2q
 -1
Figure 7: Diagram of the lift in S3 of a link in L(p, q).
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Proof. Let L be a link in L(p, q) and let D be a standard disk diagram for it.
The lift in S3 can be obtained from the model of S3 where the solid torus has
each parallel which collapses into a point. From this model the lens space
L(p, q) is described as in Section 2.1, so we can embed into the solid torus
the p copies D1, . . . , Dp of the standard disk diagram D in L(p, q). The p
copies of the diagram are embedded as disks bounded by a meridian. Each
of them is rotated by 2piq/p radians around l = S1×{0}, with respect to the
previous copy of the diagram. By this rotation, if you consider the parallel
S1 × {Q} on the boundary of the torus that passes through the endpoint
+j of Di, then it passes also through −j of Di+1. In the solid torus model,
each of these parallels collapses to a point, so that all the pairs previously
described are identified. If we want to show this identification, we can draw
on our torus each arc of the parallel from +j ∈ Di to −j ∈ Di+1, as Figure
8 shows, obtaining a representation for the lift L˜ in the solid torus model of
S3.
In order to get a planar diagram for L˜ that comes from this representation,
we can do as follows. Put S1 ×D2 into R3 and fix cartesian axis (x1, x2, x3),
where x3 is orthogonal to the plane containing S1. For each copy Di of D,
consider its intersection with the plane {x3 = 0} and rotate Di around this
diameter by pi/2 radians, so that Di is turned upward. As a result, the
connection lines between the two disks Di and Di+1 are braided by ∆−1t in
order to avoid the projection of the two disks. Furthermore, when a toric
braid, twisting around the core of 2piq, becomes planar, we have to add
another piece of braid, namely ∆2qt . In this way we will have exactly the
planar diagram of Figure 7.
Remark 4. The lift in S3 of a link L ⊂ L(p, q) is exactly a (p, q)-lens link
in S3, according to [Ch2]. Precisely, the n-tangle T that Chbili uses in his
construction is the composition of the disk diagram D of L ⊂ L(p, q) with
the braid ∆−1t .
The previous planar diagram of the lift has not got the least possible
number of crossings. Indeed if, in the last step of the previous proof, we
12
+2
−2−1
+1
+1
+2
−1
−2
+1
+2
−1
−2
+1
+2
−1
−2
+1
+2
−1
−2
x2
x3
x1
Figure 8: Lift in S3 of a link in L(5, 2).
rotate D1 of pi/2 radians and D2 of −pi/2 radians around the diameter of the
diagram, we avoid the braid ∆−1t between the two disks. We now explain
how to get a diagram with fewer crossings. First of all, let us define the
reverse disk diagram D of D: consider the symmetry of D with respect to
an external line and then exchange all overpasses/underpasses.
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Proposition 5. Let L be a link in the lens space L(p, q) and let D be a
standard disk diagram for L; then a diagram for the lift L˜ ⊂ S3 can be found
as follows (refer to Figure 9):
• consider p copies D1, . . . Dp of the standard disk diagram D, then denote
Fi = Di if i is odd, and Fi = Di if i is even;
• for each i = 1, . . . , p − 1, using a trivial braid, connect the diagram
Fi+1 with the diagram Fi joining the boundary point −j of Di+1 with
the boundary point +j of Di;
• connect D1 with Dp via the braid ∆2q−pt , where the boundary points are
connected as in the previous case.
F1 F2
F3
2q-pF4
Fp
Δt
Figure 9: Another diagram of the lift in S3 of a link in L(p, q).
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Please refer to Figure 12 for an example of diagram of the lift.
Proof. Consider the planar diagram of the lift of Theorem 3 and comb it,
reversing upside down D2, reversing two times D3, three times D4 and so
on. The odd-index diagrams are unchanged and all the even-index diagrams
become D2, D4, . . . in the new diagram of the lift. The p − 1 braids ∆−1t
between the disks are shifted near the braid ∆2q−1t , so that you get ∆
2q−p
t in
this new form of the diagram, reducing the number of crossings.
3 Lift of families of knots and links
In this section we show the behavior of the lift for several knot construc-
tions like split links, composite knots and braid links. Remember that a knot
is trivial if it bounds a 2-disk in L(p, q) and that a link L ⊂ L(p, q) is local
if it is contained inside a 3-ball. The disk diagram of a local link, up to gen-
eralized Reidemeister moves, can avoid ∂B20 . As a consequence of Theorem
3, a local link is lifted to p disjoint copies of itself.
3.1 Split, composite and satellite links
The definition of split links in S3 can be generalized to lens spaces: a link
L ⊂ L(p, q) is split if there exists a 2-sphere in the complement L(p, q) r L
that separates one or more components of L from the others. The 2-sphere
separates L(p, q) into a ball Bˆ3 and L(p, q)r Bˆ3; as a consequence, a split
link is the disjoint union of a local link and of another link in lens space.
If we consider the lift of a split link L = L1 unionsq L2, where L1 ⊂ Bˆ3 and
L2 ⊂ L(p, q)r Bˆ3, then L1 are lifted to p split copies of L1 and L2 are lifted
to some link L˜2. In formulae:
L˜ = L1 unionsq . . . unionsq L1︸ ︷︷ ︸
p
unionsq L˜2.
We can easily generalize the definition of satellite knot to lens space,
following Section C, Chapter 2 of [BZ]. Take Kp a knot in the solid torus
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T that is neither contained inside a 3-ball nor the core of the solid torus,
and call it pattern. Let e : T → L(p, q) be an embedding such that e(T)
is the tubular neighborhood of a non-trivial knot Kc ⊂ L(p, q). The knot
K := e(Kp) ⊂ L(p, q) is the satellite of the knot Kc, called companion of K.
The satellite of a link can be constructed by specifying the pattern of each
component. In addition the pattern of a satellite knot can be a link too. A
cable knot is a satellite knot with a torus knot as pattern. We do not have
explicit formulae for the lift of satellite or cable knots, but Example 11 helps
us to understand the behavior of the lift.
Composite knots are a special case of satellite knots, that is to say, satellite
knots where the pattern, up to isotopy in T , has the following two proper-
ties: there exists a meridian of T such that the disk bounding the meridian
intersects the pattern in a single point, moreover the pattern must not be
isotopic to the core of the solid torus. The notation in this case becomes
K = Kc]Kp (connected sum), and Kp can be seen also as a knot in S3.
Let K1 ⊂ L(p, q) be a primitive-homologous knot, that is to say, a knot
whose homology class in H1(L(p, q)) is coprime with p (we require this be-
cause, according to Proposition 2, its lift is a knot). Let K2 ⊂ S3 be a knot.
Then the lift K˜ of the connected sum K = K1]K2 is
K˜ = K˜1]K2] . . . ]K2︸ ︷︷ ︸
p
.
This formula can be proved in the following way: up to generalized Rei-
demeister move, we can suppose that the disk diagram of K1]K2 has the
projection of K2 all contained in a disk inside B20 , therefore from the dia-
gram of Theorem 3 we can easily see the result.
In order to define the connected sum for links we have to specify the
component of each link to which we add the pattern. If we consider a knot
K1 ⊂ L(p, q) such that gcd([K1], p) 6= 1 or a link L1 with more than one
component, then, because of Proposition 2, its lift has more than one com-
ponent. In this case the lift can be found selecting the components of K˜1 or
L˜1 where the copies of K2 have to be connected.
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As a consequence, if a link L ⊂ L(p, q) is composite, then also its lift
L˜ ⊂ S3 is composite. That is to say, if L˜ is prime, then we know that L is
prime too.
3.2 Links in lens spaces from braids
We can construct a link L ⊂ L(p, q) starting from a braid B on t strands
by considering the standard disk diagram where the braid B has its two
ends of the strands on the boundary, indexed respectively by the points
(+1, . . . ,+t) and (−1, . . . ,−t). See Figure 10 for an example. In this case,
we say that B represents L.
−
1
−
2
+1
+2
+3
−
3
Figure 10: The braid B = σ2σ1σ2σ1 becomes a standard disk diagram.
Proposition 6. If L ⊂ L(p, q) is a link represented by the braid B on
t strands, then L˜ is the link obtained by the closure in S3 of the braid
(B∆−1t )
p∆2qt or equivalently B
p∆2q−pt .
Proof. Using Theorem 3, we replace the p copies of the disk diagram D with
the braid B representing the link. The result is the closure of the braid
(B∆−1t )
p∆2qt in S3, that can be transformed also into the braid B
p∆2q−pt ,
since ∆t is an element that belongs to the center of the braid group.
Remark 7. The braid Bp∆2q−pt is exactly the (p, q)-lens braid of [Ch1].
17
Which links in lens spaces are lifted to torus links? We have the fol-
lowing result, stated in [Ch2], that generalizes a result of [H] for torus
knots. Remember that the torus link Tn,m ⊂ S3 is the closure of the braid
(σ1σ2 · · ·σn−1)m.
Proposition 8. [Ch2] The torus link Tn,m is a (p, q)-lens link (that is to say,
it is the lift of some link in L(p, q)) if and only if p divides m− nq.
Proof. The torus link is the closure of the braid (σ1σ2 · · ·σn−1)m and the lift of
our braid link is the closure of the braid Bp∆2q−pn . We know that in the braid
group the element ∆2n can be represented by the word (σ1 · · ·σn−1)n. There-
fore the equality turns into (σ1σ2 · · ·σn−1)m = (B∆−1n )p(σ1σ2 · · ·σn−1)nq and
the result is straightforward.
4 Different knots and links in lens spaces with
equivalent lift.
An invariant I of links is complete if I(L1) = I(L2) implies that L1 and L2
are equivalent, where L1 and L2 are two links. In knot theory, an invariant
that is both complete and easy to compute is still unknown. We have several
examples of complete invariants: the knot group for prime knots in S3 (this
is the corollary of the results contained in [Wh] and [GL]), the fundamental
quandle for knots in S3 [J, M], the oriented fundamental augmented rack for
links in 3-manifolds [FR] and so on. On the contrary, all invariants easy to
compute, such as Jones or Alexander polynomials, cannot distinguish some
pairs of different links, that is to say, they are not complete.
In this section we use the braid construction of the lift to find different
links in lens spaces with an equivalent lift, that is, to prove that the lift is
not a complete invariant.
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4.1 Counterexamples from braid tabulation
Given a braid B, denote by B̂ the link in S3 obtained as the closure of B.
The first step is to understand whether the Garside braid produces equivalent
links ∆̂kt ⊂ S3 for different t and k. The computations are summed up in
Table 1; the labels of the links are the one of the Knot Atlas [BM].
t B B̂
1 ∆01 01
2 ∆02 01 unionsq 01
2 ∆12 01
2 ∆22 L2a1
2 ∆32 31
2 ∆42 L4a1
2 ∆52 51
2 ∆62 L6a3
t B B̂
3 ∆03 01 unionsq 01 unionsq 01
3 ∆13 L2a1
3 ∆23 L6n1
3 ∆33 L9n15
4 ∆04 01 unionsq 01 unionsq 01 unionsq 01
4 ∆14 L4a1
5 ∆05 01 unionsq 01 unionsq 01 unionsq 01 unionsq 01
5 ∆15 L8n3
Table 1: Links arising from the closure of Garside braids.
Greater string numbers or greater powers give links outside standard tab-
ulations. Moreover, for negative powers, we obtain the link that is the mirror
image of the link with the corresponding positive power. If the link is am-
phicheiral, like the trivial knot or the Hopf link (also denoted by L2a1), then
the closure is the same.
At this stage we are looking for a braid ∆kt representing a link in L(p, q)
such that its lift is one of the possibilities in Table 1. As a consequence of
Proposition 5, the lift is the link represented by the braid ∆k·pt ∆
2q−p
t . Hence
we look for solutions of the equation: ∆k·pt ∆
2q−p
t = ∆
h
t , where h is the suitable
power of ∆t that gives us the desired lift.
Now we list all the possible cases where the braid closures of Table 1 are
equivalent, the desired examples will rise from the following computations.
Example 9. Different knots in L
(
p, p±1
2
)
with trivial knot lift. The
trivial knot can be obtained either as the closure of any power of ∆1 or as the
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closure of ∆±12 . In the first case, the link in any lens space L(p, q) represented
by the braid on one single string is lifted to the trivial knot. In the second
case, namely ∆±12 , we have to study the equation ∆
k·p
2 ∆
2q−p
2 = ∆
±1
2 , that is
to say, kp+ 2q− p = ±1. For the positive case kp+ 2q− p = 1 we can obtain
integer solutions with 0 < q < p only for k = 0, p odd and q = p+1
2
. For the
negative case, we have k = 0, p odd and q = p−1
2
.
If we look for a pair of different knots in the same L(p, q), we have to
restrict to L
(
p, p±1
2
)
with p odd. Consider K1 as the knot represented by the
braid ∆1 = 11 and K2 as the knot represented by the braid ∆02 = 12, they
are illustrated in Figure 11. Are K1 and K2 different knots?
K1
+1
−1 K2
−2
+1
+2
−1
Figure 11: Two different knots with equivalent lift in L
(
p, p±1
2
)
.
The homology class [K] = δ of a knot in L(p, q) can be 0, 1, . . . p− 1, but
since we do not consider the orientation of the knots, we have to identify ±δ,
so that the knots are partitioned into bp/2c + 1 classes: δ = 0, 1, . . . , bp/2c,
where bxc denotes the integer part of x. If two knots stay in different homol-
ogy classes, they are necessarily different. The same reasoning holds also for
links, with a more subtle partition.
Since [K1] = 1 and [K2] = 2, the two knots considered above in L
(
p, p±1
2
)
are different if p > 3 and odd; if p = 3 they are equivalent.
Example 10. Different links in L(4, 1) with Hopf link lift. As in the
previous case, all the possible solutions of the corresponding equations are
considered for the Hopf link L2a1. Table 2 sums up the results.
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lift braid equation solutions
for all p, L(p, 1), k = 1
∆22 kp+ 2q − p = 2 for all p even, L (p, p+2
2
)
, k = 0
for all p, L(p, p− 1), k = −1
∆−22 kp+ 2q − p = −2 for all p even, L (p, p−2
2
)
, k = 0
∆13 kp+ 2q − p = 1 for all p odd, L
(
p, p+1
2
)
, k = 0
∆−13 kp+ 2q − p = −1 for all p odd, L
(
p, p−1
2
)
, k = 0
Table 2: Links in lens spaces lifting to Hopf link.
We look for pairs of compatible solutions, and after excluding equivalent
links, we get only the following pair of links in L(4, 1): consider the knot LA
represented by the braid B1 = 12 and the link LB represented by B2 = ∆2.
They are different because they have a different number of components, but
they have the same lift, the Hopf link. In order to better understand the
topological construction of the lift, we illustrate it in Figure 12.
The last case of Table 1 is the link L4a1, that is not amphicheiral, hence
Table 3 is divided into two cases. Let m(L4a1) denote the mirror image of
L4a1. No example rises from this case.
link lift braid equation solutions
m(L4a1) ∆14 kp+ 2q − p = 1 for all p odd, L
(
p, p+1
2
)
, k = 0
m(L4a1) for all p, L(p, 2), k = 1
∆42 kp+ 2q − p = 4 for all p even, L (p, p+4
2
)
, k = 0
L4a1 ∆−14 kp+ 2q − p = −1 for all p odd, L
(
p, p−1
2
)
, k = 0
L4a1 for all p, L(p, p− 2), k = −1
∆−42 kp+ 2q − p = −4 for all p even, L (p, p−4
2
)
, k = 0
Table 3: Links in lens spaces lifting to L4a1 or m(L4a1).
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LA
−2
+1
+2
−1 −2
+1
+2
−1 LB
−2 −1
+1
+2
−2 −1
+1
+2
−1
−2
+1+2
−1
−2
+1+2
−2 −1
+1
+2
−2 −1
+1
+2
−1
−2
+1+2
−1
−2
+1+2
Figure 12: Two different links with equivalent lift in L(4, 1).
4.2 Counterexamples from satellite construction
At this stage, the examples we have found are not completely satisfac-
tory, because it is easy to distinguish the links with equivalent lift (different
number of components or different homology class). Therefore we now con-
struct some satellite link of the previous examples, in order to get an infinite
family of different links with the same number of components and the same
homology class.
Example 11. Different links in L(4, 1) with cables of Hopf link as
lift. Consider the knot LA and the link LB of Example 10. A satellite of
LB can be the link where the two patterns are described by the two braid τn
and ψm on n and m strands respectively, as in part B1) of Figure 13. Label
B such link.
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A B
+1
+(n+m)
ψ m
τ n
+n
+(n+1)
−
1
−
(n
+
m
)
−
n
−
(n
+
1)
ψmτ n +(n+m)
+m
+(m+1)
−
1
−
(n
+
m
)
−
m
+1
−
(m
+
1)
τ
ψ
n=m
τ=ψ
τ=Rev (τ)
Δn
-1
ψ
ψ ψ
τ
τ
τ
ψ ψ
ψ ψ
τ
τ
τ
τ
Δn
-1 Δn
-1
Δn
-1
τ
ψ
τ
ψ
Δn
-1
Δn
-1
τ
ψ
τ
ψ
τ
τ
τ
τ
ψ
ψ
ψ
ψ
Δ
n
-1
Δ
n
-1
1)
2)
3)
Figure 13: Satellite construction of different links necessary to get new dif-
ferent links with equivalent lift.
We need to make a satellite of the knot LA making the lift equivalent to
the previous one, so we have to put the braids τn and ψm on each overpass
of the diagram of LA, as in part A1) of Figure 13. Label A such link. Note
that the boundary points of the two braids mix up, unless we assume n = m.
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The lift diagram of the two considered links is illustrated in part 2) of
Figure 13 and in part 3) we make it explicit that the companion link is the
Hopf link. The pattern braids are ∆−1n τψτψ∆−1n on both sides of A, while
for B we have ∆−1n τ 4∆−1n and the reversed braid of ∆−1n ψ4∆−1n . With the
assumption τ = ψ we get ∆−1n τ 4∆−1n on both sides of A, whereas for B we
have the same braid on one side and the reversed braid on the other side.
A paper of Garside [Ga] tells us that the operation of reversing a braid
is the antihomomorphism of the braid group Rev : Bn → Bn which sends
σi1σi2 · · ·σir into the braid σirσir−1 · · ·σi1 . He proves that Rev(∆) is equiv-
alent to ∆ into the braid group; for this reason, it is enough to assume
τ = Rev(τ) in order to have an equivalent lift for A and B. An easy example
of reversible braids are palindromic ones (see [DGKT] for details).
We can make some more assumptions on τ in order to handle a smaller
family of links with known number of components. Let i > 0 and j ≥ 0 be two
integer numbers and let τ = ∆ji , denote with Ai,j and Bi,j the correspondent
links. The considered braid produces a pattern that is a torus link, that is
to say, Ai,j and Bi,j are cables of LA and LB. The family of these links has
different behaviors for different values of i and j:
for i = 1, for all j: we have A1,j = LA and B1,j = LB;
for all even i, for j = 0: the link Ai,0 and Bi,0 are equivalent (it is an easy
exercise using generalized Reidemeister moves);
for all odd i, for j = 0: the links Ai,0 and Bi,0 have respectively n = i and
n = i + 1 components, hence they are an infinite family of different
links with equivalent lift;
for all odd i > 1 or for all odd j > 0: the links Ai,j andBi,j have a differ-
ent number of components, hence they are an infinite family of different
links with equivalent lift;
for all even i > 1 and for all even j > 0: the links Ai,j and Bi,j have the
same number of components n = i, moreover each of these components
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has the same homology class δ = 2; the smaller case, A2,2 and B2,2 is
illustrated in Figure 14; we cannot prove that all the pairs of links in this
family are different, anyway the below computation of the Alexander
polynomials of A2,2 and B2,2 says that the first case consists of different
links.
We follow [CMM] for the computation of several geometric invariants of
A2,2 and B2,2; the results are summed up in Table 4. The letter ν denote
the number of components, A1(t) the Alexander polynomial and A−1(t) the
twisted Alexander polynomial. It is necessary to consider oriented links for
the computation of these polynomials: we choose the orientations (shown in
Table 4) that make the corresponding oriented lifts equivalent.
−2
+1
+2
−1
+3
+4
−3−4A2,2 B2,2
−2−1−3−4
+1
+2
+3
+4
Figure 14: Two different links with equivalent lift in L(4, 1).
Examples 9, 10 and 11 provide different links with equivalent lift. Using
this counterexamples we can produce some other infinite families of links in
the corresponding L(p, q) with equivalent lift, by adding to them the same
links in S3 using the disjoint union and the connected sum.
Unfortunately, we have not been able to find counter-examples for all lens
spaces, so we still have questions such as:
• is the lift a complete invariant for links in some fixed lens space, for
example in the projective space?
• is the lift a complete invariant if we restrict to primitive-homologous
prime knots in L(p, q) with lift different from the trivial knot?
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A2,2 B2,2
−2
+1
+2
−1
+3
+4
−3−4 −2−1−3−4
+1
+2
+3
+4
ν 2 2
[Li] ⊂ H1(L(p, q) 2, 2 2, 2
H1(L(p, q)r L) Z⊕ Z⊕ Z2 Z⊕ Z⊕ Z2
A¯1(t) t7 + t6 − t− 1 t7 − t6 + t5 − t4 + t3 − t2 + t− 1
A¯−1(t) t6 + 1 t6 + t4 + t2 + 1
Table 4: Geometric invariants of A2,2 and B2,2 in L(4, 1).
4.3 The case of oriented and diffeomorphic links
Up to this stage we have considered unoriented links. Yet this lift prob-
lem can be referred also to oriented links. The answer is slightly different.
Of course, we can orient the previous counter-examples and find new ones
for oriented links in lens spaces. Moreover we can consider the following
property: if we take an oriented knot K ⊂ L(p, q) such that K˜ is invertible
(i.e. it is equivalent to the knot with reversed orientations), then also the
knot −K ⊂ L(p, q) with reversed orientation has the same lift. Usually −K
is not equivalent to K because the homology class changes. For links some-
thing similar happens, but you have to be careful to the orientation of each
component.
Furthermore we can consider oriented links up to diffeomorphism of pairs,
that is to say, two links L1 and L2 are equivalent in L(p, q) if and only if
there exists a diffeomorphism h of L(p, q) such that h(L1) = L2. In this
case we have to examine also the following theorem of Sakuma, also proved
by Boileau and Flapan about freely periodic knots. Let K be a knot in the
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3-sphere; if Diff∗(S3, K) is the group of diffeomorphisms of the pair (S3, K)
which preserve the orientation of both S3 and K, then a symmetry of a knot
K in S3 is a finite subgroup of Diff∗(S3, K) up to conjugation.
Theorem 12. [S, BF] Suppose that a knot K ⊂ S3 has free period p. Then
there is a unique symmetry of K realizing it, provided that (i) K is prime, or
(ii) K is composite and the slope is specified.
If we translate it into the language of knots in lens spaces, we have that
the specification of the slope is equivalent to fixing the q of the lens space.
As a consequence, two primitive-homologous knots K1 and K2 in L(p, q)
with equivalent non-trivial lift are necessarily equivalent in L(p, q). From
the group of diffeotopies of L(p, q) displayed in [B] and [HR], we know that
a diffeomorphism in L(p, q) does not always induce an ambient isotopy of
knots, so this does not provide a complete answer about the equivalence of
K1 and K2 up to ambient isotopy.
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